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ABSTRACT: Two different treatments of the degrees of freedom of bond stretching and bond angle bending in chain 
polymers by classical statistical mechanics lead to different and nonequivalent expressions of the partition functions. 
If we fix the bond lengths and bond angles a t  the outset and treat them as constraints (the classical rigid model), the 
partition function is given by an integral of (det G)-’12 exp[-@F(Q)] over the space of the dihedral angles Q in a poly- 
mer chain, where the elements of the matrix G are the coefficients in the quadratic expression (in terms of general- 
ized momenta conjugate to Q) for the kinetic energy of the polymer chain, and F ( Q )  is the conformational energy of 
the polymer chain. If we conceptually allow bond lengths and bond angles to vary under an infinitely strong potential 
(the classical flexible model) and perform the integration of the Boltzmann factor over the momenta conjugate to the 
Cartesian coordinates, we obtain the partition function in the form of an integral of exp[-@F(Q)] over the space of 
the dihedral angles Q. The origin of the difference in these two expressions lies in the different treatments of the vi- 
brational motions involving bond lengths and bond angles. In order to decide which of the two expressions is to be 
used as the basis of a statistical mechanical study of the polymer chain in equilibrium, an expression for the partition 
function that is quantum mechanically correct for these vibrational motions is derived, and the approximations in- 
volved to obtain each of the two non-equivalent classical expressions from the quantum mechanical expression are 
examined. The classical rigid model can be derived from the quantum mechanical one (a) by applying the ground 
state approximation for all vibrations associated with bond stretching and bond angle bending (i.e., by neglecting 
contributions to the partition function from excited vibrational states), and (b) by neglecting the conformational de- 
pendence of the zero-point energy of these vibrations. The classical flexible model can be derived by treating all these 
vibrations classically, which would appear to be unwarranted because many of these vibrations are of sufficiently 
high frequency to require a quantum mechanical treatment. However, a quantitative analysis of the approximations 
involved in each of the two models reveals that, of the two nonequivalent classical treatments, the classical flexible 
model is better than the classical rigid model. 

There has been considerable discussion of the basis for 
treating polymer chain conformation by classical statistical 

Various equilibrium conformational properties 
have been calculated from a classical statistical mechanical 
partition function Z of the form 

Z = (constant) j” exp[-PF(Q)] dQ (1) 

where P = l / hT  (with h being the Boltzmann constant and T 
the absolute temperature), Q stands for a set of dihedral angles 
which describes the conformation of the polymer chain, and 
F(Q) is the conformational (free) energy of the polymer in 
solution in a conformation specified by Q ,  or, in other words, 
the potential of the mean force operative on the polymer for 
various configurations of the solvent molecules. The quantity 
F ( Q )  is a f ree  energy, for the polymer in solution, because it 
includes the free energy of solvation as a function of Q. The 
validity of the use of eq 1 was questioned in ref 2 and 4, and 
it was suggested in ref4 (but no definite conclusion about the 
matter was reached) that it might be necessary to use the 
following form of the partition function: 

Equation 2 was derived by fixing the bond lengths and bond 
angles (and regarding them as constraints), and then applying 
classical statistical mechanics to the constrained system. The 
elements of the matrix G in eq 2 are the coefficients in the 
quadratic expression (in terms of generalized momenta) for 
the kinetic energy of the polymer chain. Such a model of a 
polymer chain, in which bond lengths and bond angles are 
fixed and are treated as constraints, and for which classical 
statistical mechanics is applied, may be defined as a “classical 
rigid model”. In our earlier paper,6 we provided a discussion 
which erroneously supported the necessity of using eq 2 to 
treat the equilibrium properties of polymer chains. In the 
present paper, we explore the origin of the differences between 
these two forms of the partition function, and show that, while 
both involve approximations, eq 1 is more accurate than eq 
2 and, further, the use of eq 1 avoids the difficulty of not being 
able to treat the conformational dependence of det G in the 
integral of eq 2, as pointed out by Flory.7 
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We first demonstrate that eq 1 can be derived for a polymer 
chain in which the bond lengths and bond angles are con- 
ceptually allowed to vary, and for which classical statistical 
mechanics is applied. This is accomplished by allowing bond 
lengths and bond angles to vary, and by taking the limit of very 
small actual variations due to the strong potentials which 
govern them. This treatment of a polymer chain may be de- 
fined as that of a “classical flexible model”. Thus, a partition 
function of the form of eq 1 is derived for the classical flexible 
model. This fact, that an equation of the form of eq 1 is ob- 
tained for the “classical flexible model” in which bond lengths 
and bond angles are conceptually allowed to vary, was already 
clearly recognized by Flory7 and V~lkenstein,~ and we present 
a demonstration of it in the present paper. Once eq 1 is de- 
rived, we need consider only dihedral angles as the indepen- 
dent variables. In this sense, the fact that bond lengths and 
bond angles are allowed to vary is conceptual. 

Second, we fix the bond lengths and bond angles a t  the 
outset (classical rigid model), and thus have the result of ref 
6, viz., that eq 2 with the intractable factor det G is obtained 
in a classical statistical mechanical treatment. As in eq 1, the 
independent variables are the dihedral angles. 

Thus, the two classical models lead to different and non- 
equivalent expressions for the partition function, in both of 
which only dihedral angles appear as the independent vari- 
ables. In order to understand the origin of this difference, and 
to decide which of the two should be used to treat the equi- 
librium properties of polymer chains, we must investigate the 
apparently concealed freedom for bonds to stretch and for 
bond angles to bend. These constitute vibrational motions 
with frequencies, in general, in the infrared region between 
400 and 3000 cm-l. Thus, such motions have to be treated 
quantum mechanically a t  room temperature. Therefore, a 
quantum mechanical expression for the partition function is 
derived by using a quantum mechanical partition function for 
such vibrational motions. (An argument is given in section I11 
about the validity of the use of quantum mechanics for 
treating the high-frequency vibrational modes in a polymer 
embedded in solution.) It was argued in our previous paper6 
that the energies of such vibrations are larger than kT at room 
temperature, and therefore that their excitation can be ne- 
glected a t  room temperature (ground state approximation). 
(In reality, we are concerned only with the conformational 
dependence of the vibrational energy, and not with its abso- 
lute value.) With this assumption, approximation A (eq 30 of 
ref 6), in which the independent variables of integration in the 
partition function are the soft variables6 (dihedral angles), was 
derived.6 In this approximation, there is a small dependence 
of the average values of the hard variables6 (bond lengths and 
bond angles), and of the zero-point vibrational energy of the 
hard variables, on the instantaneous values of the soft vari- 
ables. Since the zero-point energy was retained, approxima- 
tion A was not completely classical. In this sense, we might 
have created the wrong impression (in ref 6) that we were 
advocating the use of quantum mechanics to treat polymer 
chain conformation. However, as treated in ref 6, and as 
pointed out in ref 10, approximation A was introduced in ref 
6 only for conceptual purposes, to delineate clearly several 
stages of approximations to reach the final c2assical treatment 
of approximation C,6 and not for the purpose of advocating 
a quantum mechanical treatment. Incidentally, as pointed out 
by Hagler and Lifson,” if approximation A had actually been 
used, a significant error could have been introduced because 
some of the coupled motions of hard variables involving many 
atoms can have very low (softened) frequencies, thereby 
rendering the ground state approximation invalid for these 
motions. The situation can be even worse, since such softened 
modes are coupled to the motions of the soft variables and the 
solvent molecules (such an error would then carry through to 

approximations B and C). After discussion of approximation 
A, approximation B (eq 31 of ref 6) was then introduced6 by 
neglecting the dependence of the zero-point energy of the 
vibrations of the hard variables on the instantaneous values 
of the soft variables. Finally, approximation C (eq 32 of ref 6, 
which is the same as eq 2 of the present paper) was obtained 
by neglecting the dependence of the hard variables on the 
instantaneous values of the soft variables. Hence, aside from 
the neglect of the dependence of the average values of the hard 
variables on the soft variables, the main approximations in- 
volved in eq 2 are the ground state approximation of some 
possibly softened modes and the neglect of the zero-point 
energy. 

Third, in order to assess the relative merits of eq 1 and 2 for 
treating polymer conformation, we also examine, in the 
present paper, the nature of the approximations involved in 
eq 1. We demonstrate that eq 1 is obtained by taking the 
classical limit of the quantum mechanical expression for the 
vibrational partition function. The error in the statistical 
weight involved in taking this limit is not large for vibrational 
frequencies less than 400 cm-1.6 However, most of the vibra- 
tional modes of the hard variables have frequencies higher 
than this. Hence, the approximation of taking the classical 
limit does not appear to be a good one, in principle, although, 
in practice, it m a y  not introduce a large error (at  room tem- 
perature). In any event, a detailed examination of the ap- 
proximations involved reveals that  eq 1 is better than eq 2, a 
conclusion that is now in accordance with that in ref 7 .  

I t  should be emphasized here that only the soft variables 
(dihedral angles) appear in eq 1 as independent variables, even 
though bond lengths and bond angles are allowed to vary 
conceptually to derive eq 1. Thus, in actual applications of eq 
1, the bond lengths and bond angles can be kept fixed. 

In section I, the mathematical definitions of the classical 
flexible model and the classical rigid model are given, and 
expressions for their partition functions are obtained and 
compared. In section 11, an expression is derived for the par- 
tition function that is quantum mechanically correct for the 
vibrational motions involving bond lengths and bond angles, 
the approximations in the two classical models are delineated, 
and it is concluded that the classical flexible model is the 
better of the two. Section I11 is devoted to a summary and 
discussion of the results, including a discussion of the role of 
the solvent. 

I. Nonequivalence of the Two Classical Models 
In this section, we define two different classical models, and 

deduce the Hamiltonians for each of these models. Then we 
discuss the expressions for their partition functions. 

A. Classical Flexible Model. In the flexible model of a 
polymer chain, the independent variables are the bond 
lengths, bond angles, dihedral angles for rotation around 
bonds, and the external variables (for overall translation and 
rotation). The bond lengths and bond angles (hard variables) 
are designated by Q’ = (ql’ ,  q2 ’ ,  . . . , q ~ ’ ) .  The dihedral angles 
and the external variables are designated together by Q = (41, 
q2,  . . . , q m ) ,  and referred to as soft variables; this terminology 
is different from that in our previous paper6 in that we now 
include the external variables among the soft variables. The 
vibrational motions of the hard variables are assumed to be 
governed by a harmonic force field. Thus, in the expression 
for the conformational energy (i.e., potential energy, which 
becomes a free energy when solvent is introduced6), F(Q,Q’), 
given by eq 25 of ref 6, viz., 

l J = l  

the time-average value Qo’ = ( q l o ’ ,  qzo’, . . . ,410’) of Q’, i.e., the 
value a t  which F(Q,Q’) has the minimum value Fo(Q)  for a 
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given set of values of the soft variables Q, is a function of the 
instantaneous value of the soft variables Q. However, we in- 
troduce an approximation by neglecting this dependence of 
80’ on Q, and replace Qo’ by the Q-independent strain-free 
value Q1’. This is the same approximation as was introduced 
to obtain approximation C (classical rigid model) from ap- 
proximation B in ref 6. The introduction of this approximation 
of replacing the Q-dependent Qo’ by the Q-independent 81’ 
a t  this stage serves to convey the essential points of this paper 
more easily and concisely without too much loss of generality; 
however, for simplicity, we will retain the notation Qo’. The 
force constants fG,” [given by the second derivative of F(Q,Q’) 
with respect to qG’ and ql’ a t  Qo’] are assumed to be indepen- 
dent of Q, as was also assumed in ref 6. This assumption is 
justified because the force constants fL l”  are determined 
mainly by the force field associated with covalent bonds, Le., 
by the energy terms responsible for keeping bond lengths and 
bond angles constant. This force field is independent of the 
conformation of the polymer chain, or of the value of the soft 
variables Q. 

The kinetic energy, K f ,  of the flexible model is given in 
terms of the time derivatives of the Cartesian coordinates X k n ,  

as 
n 3  

Kf = % 2 mkXke2 (4) 
k = l  a = l  

where n is the number of atoms in a polymer (therefore, 3n = 
1 + m), and a = 1,2 , :3  designates the component of the Car- 
tesian coordinates of the k th  atom whose mass is mk. If we 
take Q and Q’ as independent variables (instead of X k a ) ,  the 
kinetic energy, K f ,  is given in the following form: 

where Q and Q’ are m- and 1-dimensional column vectors 
whose i th  component is d 1  and QG’, respectively (Q+ and Q’+ 
are corresponding row vectors); Ho, HI, H” are m X m, m X 
I ,  and 1 X 1 matrices; the superscript plus sign denotes a 
transpose. The elements of Ho, H‘, and H” can be deduced 
from eq 4, and are given explicitly in Appendix A. 

The Hamiltonian for the classical flexible model is then the 
sum of F(Q,Q’) of eq 3 and K f  of eq 5 .  

B. Classical Rigid Model. In the rigid model of a polymer 
molecule, the hard variables (bond lengths and bond angles) 
are kept fixed. The kinetic energy, K,, for this model is ob- 
tained by setting the time derivative of the hard variables 
equal to zero in eq 5 ;  thus, 

K ,  = ‘/2Q+H0Q (6) 

The conformational energy for this model is simply Fo(Q). 
C. Partition Function for Classical Flexible Model. The 

partition function for the classical flexible model, Z,, can be 
obtained by expressing the kinetic energy of eq 4 in terms of 
momenta, PkCr = aKf/dX:kcl = mh.ik(,, conjugate to the Carte- 
sian coordinates, X k < , ,  and then by performing the integration 
of the Boltzmann factor over the momentum space. The 
partition function Z, is then given by 

The first factor, resulting from the integration over the mo- 
mentum space, is independent of Q and Q’. 

In order to perform the integration in eq 7, we change the 
variables of integration from Cartesian coordinates, X k a ,  to 
internal coordinates (plus the six external variables), Q and 
Q’. In Appendix B, the Jacobian, D ,  for this transformation 
is obtained, and shown to be given by a product of two factors, 
depending only on the external and hard variables, respec- 
tively, and to be independent of the dihedral angles. By as- 

suming that the potentials governing the hard variables are 
very strong, the minimum-energy values, Qo’, may be assigned 
to the hard variables Q’ in the Q’-dependent factor D(Q’) of 
the Jacobian. Then the integration with respect to the external 
and hard variables can be performed (see Appendix B) to give 

X S exp[-PFo(Q)I dQ (8) 

where F” is an 1 X 1 matrix whose (i,j) element isfi,”. Thus, 
for the classical flexible model, the problem of obtaining the 
partition function is reduced to an evaluation of the last in- 
tegral in eq 8, involving only the internal soft variables as the 
variables of integration; the bond stretching and bond angle 
bending degrees of freedom do not appear explicitly. Thus, 
in actual applications of eq 8, which is the same as eq 1, the 
bond lengths and bond angles are kept fixed. However, in the 
process of deriving eq 8, these quantities are conceptually 
allowed to vary. It is in this sense that the use of eq 8 is based 
on the classical flexible model of a polymer chain. 

D. Par t i t ion  Function fo r  Classical Rigid Model. We 
consider next the derivation of the partition function for the 
classical rigid model. For this purpose, we re-write the ex- 
pression for K ,  of eq 6 as 

K ,  = ‘/,P,+GP, (9) 

where P,  is a generalized momentum conjugate to the soft 
variable Q in the rigid model ( P ,  = aK,/dQ = HOQ), and G is 
an m X m matrix (equal to (Ho)-’) given12 by 

(10) 

where GO, G’, G“ are m X m, m X 1, and 1 X 1 submatrices of 
a 3n X 3n matrix !?, 

G [=(HO)-l] = GO - GtGt#-lGt+ 

which is the inverse of the 3n X 3n matrix 3f defined in eq 5 .  
The elements of the matrices Go, G’, and G” are given in Ap- 
pendix A. 

The partition function for the classical rigid model may be 
written as 

1 zr = ( G ) ~  S exp[-PlK, f Fo(Q)I] dPr dQ (12) 

Introducing eq 9 for K,, and integrating the Boltzmann factor 
over the momentum space and over the external variables, we 
obtain 

which is the same as eq 2. As in the case of eq 8, the integration 
in eq 13 is to be carried out only over the internal soft vari- 
ables. However, in contrast to eq 8, the integrand includes the 
additional factor, [det GlP1l2, which cannot be taken out of 
the integral sign because it is a function of the internal soft 
variables Q. 

E. Comparison of the  Two Models. We now have two 
classical models (eq 8 and 13) which appear to be nonequiv- 
alent. In order to obtain some understanding of the origin of 
the difference between these two expressions, we derive here 
another expression for 2,. This derivation is based on the 
following expression for the Jacobian, D, which is derived in 
Appendix A. 
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Substituting this expression for D into eq 8, and using the 
r e l a t i~nsh ip l~  

where the vi's are the vibrational frequencies of the hard 
variables, we obtain the following expression for 2,: 

X exp[-PFo(Q)I dQ (16) 

Since eq 8 and 16 are different expressions for the same 
quantity, the product of the first two factors in the integrand 
of eq 16 must be independent of the internal soft variables. 
However, the individual factors are not. The first factor in the 
integrand is a product of classical partition functions for 
harmonic oscillators having frequencies v, ( i  = 1, 2, . , . , 1). 
Comparison of eq 16 with eq 1 3  reveals the make-up of the 
classical flexible model. I t  consists of the classical rigid model 
plus a set of 1 harmonic oscillators with conformation-de- 
pendent frequencies. If the conformation dependence of the 
frequencies of these oscillators were neglected, the two models 
would become equivalent. 

It should be noted here that, even though the hard variables 
are allowed to vary conceptually in the classical flexible model, 
the potentials governing the hard variables were assumed to 
be very strong in deriving eq 8. Intuitively, the classical flexible 
model should become identical with the classical rigid model 
in the limit of infinitely strong potentials for variation of bond 
lengths and bond angles. However, application of classical 
statistical mechanics to the intuitively identical models led 
to nonequivalent expressions for the partition functions. By 
comparing eq 16 with eq 13, it appears that the partition 
function for the classical rigid model can be obtained by re- 
placing II(kT/27rhv1) in eq 16 by unity. In the limit of infi- 
nitely strong potentials, II(kT/27rhu1) in the partition func- 
tion for the classical flexible model becomes vanishingly small, 
while the corresponding quantity remains unity in the classical 
rigid model. In a sense, this appears as if the classical rigid 
model (with the larger value of the partition function in the 
limit of infinitely strong potentials) is more flexible than the 
classical flexible model. This superficially strange state of 
affairs arises from a fundamental deficiency of classical sta- 
tistical mechanics when applied to high-frequency motions. 
Therefore, the underlying difference between the classical 
flexible and classical rigid models can be understood as pro- 
cedural, arising because of the deficiency of classical statistical 
mechanics, rather than being intrinsic to the concept of flex- 
ibility vs. rigidity. However, the purpose of this paper is not 
to advocate a quantum mechanical treatment of polymers, but 
to assess the relative merits of the two nonequivalent classical 
models or procedures. For this purpose, and only for this 
purpose, we study the vibrational motions of the hard vari- 
ables quantum mechanically in section 11. 

At this point, the reader is referred to Appendix C, where 
it is pointed out (parenthetically to the main development of 
the argument in this paper) that, whereas eq 1 (or eq 8 )  has 
been used almost universally in treating equilibrium prop- 
erties of polymer chains, the situation is a hit different as far 
as the treatment of nonequilibrium problems is concerned. 

11. Approximations Involved in the Two Classical 
Models 

Since the vibrational frequencies of the hard variables are 
generally high compared to kT/h, their behavior must be 
treated quantum mechanically. Therefore, if a classical model 
is used, it must be justified as a valid approximation to the 
quantum mechanical one. We can obtain the quantum me- 

chanical partition function, ZQM, from eq 16 by replacing the 
classical partition function for a harmonic oscillator of fre- 
quency vi, viz., (27rhvi/kT)-', by the quantum mechanical 
expression, [2 sinh (~hvi/kT)]-l .  Thus, 

27rA (87r2V) 1 [ifil (2 sinh$)-'] 

I t  is a very good approximation to treat the external and in- 
ternal soft variables classically, as is done in eq 17. 

At this point, the reader is referred to Appendix D, where 
the above derivation of eq 17, or, more generally, the proce- 
dure for separating the motions of the hard and soft variables, 
is re-examined. 

We shall first discuss the physical nature of the approxi- 
mations involved in both the classical rigid and flexible models 
by comparing 2, (of eq 13) and Zf (of eq 16) with ZQM (of eq 
17). The partition function 2, can be derived from ZQM by 
reversing the procedure whereby ZQM was obtained from Zf, 
viz., by taking the classical limit in the quantum mechanical 
partition functions of harmonic oscillators, i.e., by replacing 
[2 sinh ( 7 r A ~ , / k T ) ] - ~  by (2~hvi/kT)-'. Of course, this proce- 
dure is valid for small vi's, satisfying 27rhvJkT << 1. However, 
the error incurred by this replacement, as was shown in Figure 
1 of ref 6, is less than 20% of the statistical weight for 27rhv1 up 
to 2.lhT. At room temperature, this corresponds to frequen- 
cies up to 440 cm-' (see, also, the discussion of eq 20 and 21, 
below). However, many of the vibrational modes associated 
with the hard variables have frequencies higher than this, for 
which the above replacement is not as good. In the high-fre- 
quency limit, the quantum mechanical partition function can 
be replaced by exp(-ahv,/kT). This is a partition function of 
a system totally in the ground state, with energy ah,, i.e., the 
contributions from all of the excited states of the harmonic 
oscillator are neglected. The error incurred by this replace- 
ment is6 less than 20% of the statistical weight for 27rhvl down 
to 1.6hT. At room temperature, this corresponds to frequen- 
cies down to 330 cm-1. Most of the vibrational frequencies of 
the hard variables lie in the range 1330 cm-', except that 
some coupled motions involving many atoms in a polymer 
molecule can have very low (softened) frequencies, as was 
pointed out by Hagler and Lifs0n.l' If (a) the ground state 
approximation is employed for all hard vibrational modes in 
a polymer molecule, including the possibly softened modes, 
for which the approximation is apparently invalid, and (b) the 
conformational dependence of the zero-point energy of these 
vibrations is neglected, then the partition function 2, for the 
classical rigid model is obtained from ZQM. Errors are intro- 
duced in both approximations (a) and (b). The classical 
flexible model involves an apparently unwarranted approxi- 
mation in which the high-frequency vibrations are treated 
classically. In order to judge which of the two classical models 
is the better, we carry out here a somewhat more quantitative 
analysis of the approximations involved in each of the two 
models. 

The classical partition functions, 2, (of eq 13) or 2, (of eq 
16), could be derived from eq 17 if the quantities rr and r f ,  
defined in eq 18 and 19, respectively, were independent of the 
conformation of the polymer; r r  and are the ratios of the 
quantum mechanical vibrational partition function to the 
corresponding quantities in 2, and 2,. 

1 = 1  

and 
1 

Tf = ,JJ ( x i / 2  sinh 5) 
1=1 2 

(19) 
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Figure 1. Plot of absolute values of 1g.I and lgfl, defined by eq 22 and 
23, respectively, as functions of x = 2ahv/kT. 

where x, = 27rhu,/kT. However, neither of these quantities is 
independent of conformation. Therefore, both the classical 
rigid and classical flexible models involve an approximation 
to the extent that  rr and r f ,  respectively, depend on confor- 
mation. The smaller the dependence of the r factor on con- 
formation, the better are the classical models. rf is the same 
as r of eq 8 of ref 7 .  

In order to examine the conformational dependence of rr 
and Ti, we may consider the quantities rr/rro and J?f/rfo, 
where rro and r fo  are the values of rr and r f ,  respectively, for 
a particular conformation taken as a reference. If this ratio is 
always close to unity for all conformations of the polymer, then 
the corresponding classical model is a good approximation. 
Taking the logarithm of these quantities, we have 

1 

1=1 
In (rr /rro)  = C gr(xIO)Axr (20) 

and 
1 

r = l  
In (rf /rfo) = C g f ( x i o ) l x r  (21) 

x, - xi0 is the shift of the value of x of the i th  where Ax, 
mode from that of the reference conformation, and 

1 
= - -  %cothX'O ( 2 3 )  

2 
In Figure 1, the values of (grl and lgfl (both g, and gf being 
negative) are plotted as functions of x.  Both lgrl and lgfl 
converge to for x -+ a, Le., in the limit of high vibrational 
frequencies. For finite values of x, lgfl is always smaller than 
lgr l .  The quantity A x I  assumes various values for various 
conformations of the polymer. The distribution of the values 
of In ( r,./rr0) and In ( r f / r fo )  can be discussed in terms of the 
distributions of the I1xI's. Because lgrl > lgfl, the distribution 
of the values of In ( rr/rro) is larger than that of In ( r f / r fo) .  
This indicates that  the classical flexible model is better than 
the classical rigid model. In the limit of very low vibrational 
frequencies, Le., for x - m ,  it is seen that lgfl - 0 and lgrl - 
m ;  Le., the approximations involved in the classical flexible 
and classical rigid models tend to be negligible and infinitely 
large, respectively. Since most of the frequencies are high (x 
2 2.01, the classical rigid model is not totally unrealistic, al- 
though the classical flexible model is the better of the two. 

111. Discussion 
From the apparently correct reasoning that a classical 

treatment of vibrational modes with frequencies higher than 

400 cm-' is not warranted, and that most of the vibrational 
motions of the hard variables have frequencies in this range, 
we were led in the previous paper6 to the erroneous conclusion 
that eq 2 should be used. The analysis in this paper, however, 
shows that one should use eq 1 instead of eq 2, where eq 1 is 
obtained by treating all vibrational motions of the hard vari- 
ables classically. The erroneous conclusion in ref 6 was reached 
because of an inadequacy in the analysis of the approxima- 
tions involved. As was already discussed in the introductory 
section and in section 11, the approximations involved in the 
classical rigid model (eq 2) are introduced in two steps; one 
is associated with the ground state approximation, which 
certainly does not appear warranted for softened modes, and 
the other is the neglect of the conformation dependence of the 
zero-point energy of the vibrations of the hard variables. 
Taken together, these two approximations (eq 2) turn out to 
involve an error larger than that entailed in the classical 
treatment of high-frequency vibrations (eq 1); Le., eq 1 is a 
better approximation than eq 2 .  

The classical flexible treatment, used in order to obtain eq 
1, is certainly good for the softened coupled motions of the 
hard variables, the treatment of which is the weakest point1' 
in the classical rigid model. While it is shown in this paper that 
eq 1 is a better approximation than eq 2, the question remains 
as to how good eq 1 is in an absolute sense. Even though an 
apparently invalid classical treatment is used for the high- 
frequency vibrations of the hard variables in obtaining eq 1, 
these vibrations are localized (in the sense that they involve 
only a few atoms or one residue; Le., any local group mode such 
as the N-H stretching frequency is not affected very much by 
the rest of the molecule except, of course, when hydrogen 
bonding is involved) and tend to be rather insensitive to 
changes in conformation. For vibrations involving more than 
one residue (and, therefore, somewhat sensitive to changes in 
conformation), and also having high enough frequencies to 
render the classical treatment invalid, some error may be in- 
volved. This can be expressed in another way as follows. Be- 
cause the high-frequency vibrations are insensitive to con- 
formational changes, AxI - 0 as x , ~  - a. Also, as shown in 
Figure 1, gf(x,O) - 0 as x,o - 0. Therefore, the contribution 
to the summation of eq 21  becomes appreciable, if a t  all, only 
in the intermediate range of values of xL0 .  If this contribution 
is appreciable, it expresses quantitatively the inadequacy of 
the classical flexible model. At present, however, there are no 
indications that such problems exist, and, therefore, eq 1 can 
be regarded as acceptable, as proposed by F10ry.~ 

Even though the practical applicability of the classical 
flexible model is not questioned, the approximations involved 
implicitly in the model should be recognized clearly. One of 
the main approximations was discussed in the preceding 
paragraph. Another important approximation introduced in 
deriving the classical flexible model is the neglect of the de- 
pendence of Qo' and f,," on Q in eq 3. In general, Qo' in eq 3 
is a function of Q. One source of this dependence comes from 
the procedure used to obtain eq 3, in which the linear term in 
eq D-4 was eliminated, in Appendix D. As shown in Appendix 
D, the quantity Qo' in eq 3 should be interpreted as meaning 
Qo' - Fff-lP in eq D-5; the second term of the latter expression 
depends on Q because P is Q dependent. If we did not intro- 
duce the approximation of neglecting the dependence of Qo' 
on Q, the practicability of the model would be impaired seri- 
ously. Even without this approximation, we would obtain eq 
1 for the partition function, with only the soft variables being 
independent ones. However, we would then have to regard the 
hard variables as functions of the soft variables; i.e., we would 
have to change the values of the bond lengths and bond angles 
as the conformation changes. Although this is not impossible 
for a small m~lecule , '~  or for a small number of conformations 
in a large molecule, such a treatment would be intractable for 
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the usual conformational analysis of a large molecule. The 
introduction of the approximation of neglecting the depen- 
dence of fr,” on Q in eq 3 was also crucial to making the model 
practicable. Withoul this approximation, [det Fr’]-1/2 in eq 
8 would have to be retained in the integrand, and the calcu- 
lation of this factor as a function of Q would not be practical 
in the usual conformational analyses. I t  should be noted that 
the assumption that fL,” is independent of Q is not equivalent 
to the assumption that the vibrational frequencies of the hard 
variables are independent of Q. The dependence of the vi- 
brational frequencies of the hard variables on Q arises from 
the Q dependence of the matrix G”, defined in eq A-8, since 
fL,” is assumed to be independent of Q. Thus, the assumptions 
that Qo’ and fr,” are independent of Q were introduced mainly 
for practical reasons. The validity of these assumptions was 
not examined to any great extent in this paper, but was taken 
for granted for most practical problems. However, these as- 
sumptions limit, to some extent, the applicability of the 
classical flexible model. 

Once the classical treatment is regarded as acceptable, the 
effect of the solvent can be included simply, from a conceptual 
point of view, as already discussed in ref 6 and 15. The con- 
formational energy F ( Q )  of a polymer in solution conceptually 
consists of two terms, U ( Q ) ,  the intramolecular interaction 
energy of the polymer in the absence of the solvent, and V ( Q ) ,  
the free energy of solvation defined by eq 37 of ref 6. The sum 
of these two, Le., F ( Q )  = U ( Q )  + V ( Q ) ,  is the potential of 
mean force in the polymer molecule for various configurations 
of the solvent molecules. Once the effect of the solvent is in- 
cluded properly in F ( Q ) ,  then one can treat the polymer as if 
it is present in vacuum, but governed by the potential of mean 
force. Equation 37 of ref 6 is formal and, in practice, a phe- 
nomenological treatment must be employed; for this purpose, 
solvation parameters are introduced to represent the potential 
of mean force.16 

Because the conformational energy F(Q,Q’) in eq 3 is the 
quantity which includes the effect of the solvent, we have to 
reexamine a t  this point the validity of the application of 
quantum mechanics (made in section 11) to the vibrational 
motions of the hard variables. As already discussed in the 
introductory section, the coefficients fL ,”  in eq 3 are deter- 
mined mainly by the force field associated with covalent bonds 
and, therefore, are not affected by the solvent. Most of the 
high-frequency vibrational modes (which depend not only on 
fL,” but also on the kinetic energy) are not affected by the 
solvent.” Therefore, these high-frequency modes can be 
treated quantum mechanically by treating the polymer as if 
i t  were in vacuum. Since the softened low-frequency vibra- 
tional modes of the hard variables couple to the motions of the 
soft variables” and the solvent molecules, such normal mode 
frequencies obtained for an isolated molecule may not have 
much meaning for a polymer in solution. Even though the 
statistical weights of classical harmonic oscillators are given 
by exact expressions for these softened low-frequency modes, 
a value of u n ~ t y  has been assigned to these statistical weights 
in the classical rigid model; this is one of the main sources of 

error in the classical rigid model. In the classical flexible 
model, these modes are treated classically, anyway, and 
present no problem because, in the classical treatment, the 
polymer-solvent interactions can be included conceptually 
in the free energy of solvation V ( Q ) ,  as discussed in the pre- 
vious paragraph. 

In our molecular theorylaZ1 of the helix-coil transition, we 
firstla encountered the problem of choosing between eq 1 and 
2 as our starting point. In ref 6, we erroneously concluded that 
eq 2 should be the basic equation. However, the intractibility 
of the factor det G in eq 2 for the random coil state was rec- 
ognized clearly in ref 6. Therefore, in the molecular theory of 
the helix-coil transition, eq 1 instead of eq 2 was employed 
both for helix and coil as an interim approximation. Now, 
according to the analysis of the present paper, our treatment 
in the molecular theory of conformational 
turns out to be legitimate rather than an interim assumption.22 
It should be stressed here that the partition functions for the 
helix and the coil were calculated on the basis of the same 
equation (eq 1) with the same value of the constant, viz., 1. In 
the actual calculations, we used the harmonic approximation 
for the helix, and the near-neighbor approximation for the coil. 
The validity of these approximations has been discussed 
elsewhere;l*-*‘ however, they are of such a nature that they 
do not compromise the essential point that  they are in prin- 
ciple calculated on the same basis (i.e., with the constant taken 
as unity in eq 1). In these calculations, the effect of solvent was 

k 

?” W k  

k-3 
Figure 2. Definition of variables required to define geometry and 
conformation of polymer chain. 
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incorporated into the conformational energy function in three 
ways: (1) specific interactions of one or more solvent molecules 
with backbone NH and CO groups of the residues in coil se- 
quences, (2) effect of the solvent molecules in which they are 
regarded as a bulk medium with a dielectric constant other 
than unity, and (3) additional interaction energies between 
atoms, or groups of atoms, in a polymer, arising from the 
presence, nearby, of solvent molecules (hydrophobic bond, 
in the case where the solvent is water). This treatment of the 
solvent effect is still rough and can be refined further, but it 
does represent a first attempt to incorporate the effect of 
solvation. However, the helix-coil transition occurs primarily 
as a consequence of a balance between the enthalpy gain and 
entropy loss associated with the coil-to-helix transition; the 
entropy loss comes primarily from the fact that the confor- 
mational fluctuations become very limited in a helix compared 
to a random coil. Since we are concerned only with extracting 
the primary factors responsible for the transition, our rather 
rough treatment of the solvent is regarded as adequate. 

The fact that eq 1 is derived for the classical flexible model 
does not imply that we actually have to vary bond lengths and 
bond angles. The independent variables in eq 1 are dihedral 
angles. (Bond lengths and bond angles are varied only con- 
ceptually in the process of deriving eq 1.) Therefore, in actual 
calculations of the conformational properties of a polymer 
chain, we may fix the bond lengths and bond angles. If one is 
concerned with a stable conformation of a polymer chain with 
small conformational fluctuations, the stable conformation 
may be calculated by first minimizing the conformational 
energy; then the conformational entropy can be calculated 
from the second derivative matrix F of the conformational 
energy a t  the minimum point, as -%R In det F. 
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